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Abstract. It is well known that every locally compact abelian group L can be decomposed as 
Li©R n , where L\ contains a compact-open subgroup. In this paper, we use this decomposition to 
study the topological group Aut(L) of automorphisms of L, equipped with the g-topology. We show 
that Aut(L) is topologically isomorphic to a matrix group with entries from Aut(Li), Hom(Li,R™), 
Hom(R n , Li), and GL„(R), respectively. It is also shown that the algebraic portion of the decomposi- 
tion is not specific to locally compact abelian groups, but is also true for objects with a well-behaved 
decomposition in an additive category with kernels. 



1. Introduction 

Given a collection of mathematical objects with a notion of isomorphism, it is often of interest to 
study the self-isomorphisms, or automorphisms, of those objects. In particular, the set of all such 
automorphisms is a group under composition, and there is an interplay between the structure of 
this group of automorphisms and the underlying object. Classical examples include permutation 
groups of sets, which encompasses the whole of group theory, automorphism groups of fields in 
the context of Galois theory, and groups of diffeomorphisms of smooth manifolds. In the setting of 
topological spaces, where automorphisms are self-homeomorphisms of a space X, it is natural to 
consider endowing this automorphism group Homeo(X) with a topology related to that of X. If X 
is locally compact, then Homeo(X) and its subgroups can be made into topological groups, via the 
so-called g -topology, or Birkhoff topology, generated by the subbasis consisting of sets of the form 

(C,U) = {feHomeo(X):f(C)CU and / _1 (C)^^}, 

where C is a compact subset of X, and U an open subset of X pQ. This is the coarsest refinement 
of the compact-open topology wherein both composition and inversion are continuous. 

When L is a Hausdorff locally compact group, denote by Aut(L) the group of topological auto- 
morphisms of L, a closed subgroup of Homeo(L), endowed with the ^-topology. In general, Aut(L) 
is not locally compact, even in the case where L is a compact abelian group [9, 26.18 (k)], which has 
led many to study conditions under which local compactness holds. For example, if L is compact, 
totally disconnected, and nilpotent, then local compactness, and in fact, compactness, of Aut(L) 
are equivalent to all Sylow subgroups having finitely many topological generators [16]. Recent work 
of Caprace and Monod has shown that if L is totally disconnected, compactly generated and locally 
finitely generated, then Aut(L) is locally compact 1.6]. It is also known that Aut(L) is a Lie 
group provided L is connected and finite dimensional [12] . It has been shown that automorphism 
groups of compact abelian groups are universal for the class of non-archimedean groups in the sense 
that every non-archimedean group embeds as a topological subgroup of Aut(K), for some compact 
abelian K\ see [15] and [2]. 
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In the case where L is a locally compact abelian (LCA) group, Levin [10] gave criterion for 
local compactness of Aut(L), provided L contained a discrete subgroup such that the quotient was 
compact. Levin's analysis utilizes the additional structure of LCA groups afforded to us by their 
duality theory, and in particular, the following canonical decomposition of such groups. 

Theorem 1.1. Q9, 24.30], [3, Cor. 1]) If L is an LCA group, then L^L^R 71 , where L x is an 
LCA group containing a compact-open subgroup. Further, n is uniquely determined, and L\ is 
determined up to isomorphism. 

The main result of this paper is a structural decomposition of the automorphism group of an 
LCA group, using the decomposition in Theorem ll.il 

Theorem A. Let L be an LCA group with L = L\@R n , where L\ contains a compact-open subgroup. 
Then, as topological groups, 

A , n J Aut(Li) Hom(R»LiA 
AutW ~^Hom(Li,R n ) GL n (R) )> 

where the latter is equipped with the product topology. 

The algebraic portion of Theorem [A] can be extracted and established in a more general setting. 

Theorem B. Let C be an additive category with kernels, and A = BQ)C an object in C such that: 

(I) 5 G End(C) is an automorphism of C if and only if the zero morphism is a kernel of 5; and 

(II) For every pair of morphisms y.B—tC and (3:C^rB, one has that 7/3 = 0. 
Then, as groups, 

AutfW Aut(i?) C ^ B A 

The paper is structured as follows: In §2, we provide topological preliminaries regarding the 
compact-open and (^-topologies. §3 is a discussion of an abstract categoral setting wherein we prove 
Theorem [Bj In §4, we present the proof of Theorem [Aj 

2. Preliminaries 

Throughout this paper, all spaces are assumed to be Hausdorff, and in particular, all topological 
groups are Tychonoff |11| 1.21]. Recall that if X and Y are topological spaces and J- a collection 
of continuous functions from X to Y, the compact-open topology on T is the topology generated 
by the subbasis consisting of sets of the form 

[C,U] = {f€T:f(C)CU}, 

where C is a compact subset of X, and U an open subset of Y (see [7J, [13 §43]). For locally compact 
X, composition of maps is continuous in Homeo(A) when endowed with the compact-open topology, 
a consequence of the following property: 

Theorem 2.1. ([6l 3.4.2]) If X, Y and Z are topological spaces, with Y locally compact, then 
the composition map C(Y,Z)xC(X,Y)^C(X,Z) is continuous with respect to the compact-open 
topology. 

However, inversion may fail to be continuous in Homeo(A) with respect to the compact-open 
topology [4, p. 57-58]; this shortcoming is remedied by the ^-topology. The two topologies coincide 
when X is compact, discrete, or locally connected, but not in general pp. One can characterize 
convergence in the g-topology in terms of the compact-open topology as in the following proposition. 
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Proposition 2.2. ([H 5. (ii)]) Let X be a locally compact space. A net (fx) in Homeo(X) converges 
to /GHomeo(X) in the g-topology, written f\^f, if and only if (fx) converges to f and (f^ 1 ) 
converges to f^ 1 in the compact-open topology, written fx~—^f and fx~ 1 ~~^f 1 - 

Given an LCA group L, Aut(L) is a closed subgroup of Homeo(L), endowed with the g-topology. 
Theorem 11.11 implies a decomposition of End(L), the (additive) group of topological endomorphisms 
of L, endowed with the compact-open topology, into a topological ring of 2x2 matrices. In par- 
ticular, every element of Aut(L) can be algebraically represented in this way, but we caution that 
since Aut(L) carries the g-topology, it is not a subspace of End(L). We note for future reference 
that if L = M. n , then its ring of endomorphisms and group of automorphisms are familiar objects: 

Remark 2.3. (0 26.18 (i)]) 

(a) Taken with the compact-open topology, End(M n ) = M n (R), where the latter carries its standard 

2 

topology as a subspace ofM. n . 

(b) Taken with the g-topology, Aut(i? n ) = GL n (M), where the latter carries its standard topology. 
In particular, the compact-open and g-topologies on Aut(M n ) coincide. 



3. A Categorical Setting 

In this section, we prove Theorem [B] First, we recall the following terminology from category 
theory: 

Definition 3.1 ([13 VIII.2]). Let C be a category. 

(a) An object in C is a zero object if for every object A of C, there are unique morphisms 0— >A 
and A^-0. 

(b) If C has a zero object and A and B are objects in C, then the zero morphism -A— >B is the 
composite of the morphism A—>0 and O^B. 

(c) A kernel of a morphism f:A—>B is a morphism k:K—>A such that: 

(i) fk = 0; and 

(ii) every morphism h: C—>A such that fh = factors uniquely through k, that is, there is a 
unique morphism k' : C^-A making the following diagram commutative: 



3\k' 




(d) C is preadditive if for every pair of objects A and B in C, the set C(A,B) of morphisms from 
A to B is an abelian group, and the composition o: C(B,C)xC(A,B)—>C(A,C) is bilinear for 
every A, B, and C. 

(e) C is additive if it has a zero object, and every two objects in C have a biproduct. 
Examples 3.2. 

(a) The category Ab of abelian groups and their homomorphisms is additive, with the zero object 
being the trivial group, and biproducts being direct sums. 
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(b) The category LCA of locally compact abelian groups and their continuous homomorphisms is 
additive, with the zero object being the trivial group, and biproducts being direct products 
with the product topology. 

In an additive category C, the abelian group End(^4) :=C(A, A) is a ring with respect to compo- 
sition for every object A in C. 

Proposition 3.3. ([HI p. 192]) Let C be an additive category and A = Ai(BA 2 ®- ■ -®A n an object 
of C. Then, 



End(A) • 



/End(Ai) C(Az,Ai) ••• C(A n ,^i)\ 
C{A X ,A 2 ) End(.4 2 ) ••• C(A n ,A 2 



\C(A l} A n ) C(A 2 ,A n ) •■• End(A„)/ 
as rings, where composition is given by matrix multiplication. 

For an object A in C, we denote the set of all automorphisms (self-isomorphisms) of A by Aut(-A); 
it is a group under composition. 

Remark 3.4. Let C be an additive category, and suppose that A = B(BC is an object of C such that 
C(B,C) = {0}. Then, 

as groups. 

Theorem IB1 is an analogue of the aforementioned decomposition of Aut(A) when C{B,C) is not 
necessarily trivial. To this end, for the remainder of this section, we fix an additive category C such 
that every morphism has a kernel, and an object A in C such that A = B®C ', with B and C objects 
of C satisfying the following conditions: 

(I) 5 £ End(C) is an automorphism of C if and only if the zero morphism is a kernel of 5. 

(II) For every pair of morphisms j:B—>C and fi'.C^-B, one has that 7/3 = 0. 

Theorem [El is a consequence of Proposition I3T31 and the equivalence of (i) and (iii) in Theorem l3.5l 
below. 



Theorem 3.5. Let (p £End(A) , where 



a p\ /End(S) C(C,B)\ 



r-\<y 5) e \c{B,C) End(C)j- 

Then, the following statements are equivalent: 

(i) (f is an automorphism of A; 

(ii) S is an automorphism of C , and the quasi-determinant det(^) :=a — /3<5 -1 7 is an automorphism 
ofB; 

(iii) 5 is an automorphism of C, and a is an automorphism of B. 

We rely on the following elementary fact from ring theory in the proof of Theorem 13.51 

Remark 3.6. Let R be a (unital) ring, and n£R a nilpotent element such that n 2 = 0. Then, 
(1+n) -1 = (1 — n), and in particular, (1+ra) is invertible. 
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Proof. (i)^=>(ii): In order to show that 5 is automorphism, let k : K — > C be a kernel of 5. Denote the 
canonical projections 717 : B@C— >B and iT2 '■ B®C— >C, lk- K^B®K and lb- B^-BqC canoni- 
cal injections, and set ip = OS)k:BQK— >B(BC. Then, one has ipiK = (0,k) written componentwise 
as a morphism into B(BC, and so ipipLK = (f3k,0). Thus, 

ITiipiplK = fik. 

Put g:=7T2¥> l b- B — >C '. Since 

lBPk=(Pk,Q) = <fnj)LK, 

one obtains that 

g(3k = iT2(p~ 1 iB(3k = ir2<p~ 1 (pipiK =^2ipi^K = k. 

However, g: B^-C and /3: C—>B, and so by condition ! (II) | g/3 = 0. Therefore, k = 0, and it follows 
from condition (I) that 5 is an automorphism. 

To establish the second condition, observe that <p can be expressed as follows: 

-Co ?)Co 0( d r ° c ) (a o- w 

also invertible. The latter occurs if and only if det((p) € Aut(B). 
(ii)^=>(i) is an immediate consequence of (pQ). 

(ii) ^=>(iii): It is given that 5 is an automorphism of C. It follows from the definition of det(<p) 
that a = det(c/?)+/3<5 -1 7. By multiplying both sides by det(</?) _1 , one obtains 

adet(^) _1 = l jB +/35" 1 7det(v3) _1 . 

By condition \(TTj\ jdet((p)~ 1 P = 0, because det^)" 1 /3 eC(C,B), and thus (/3^ 1 7det(v?)- 1 ) 2 = 0. 
Therefore, by Remark 13.61 adet^) -1 is invertible, and its inverse is \ B — /3<5 _1 7det(93) _1 . Hence, 
a is invertible, and 

a- 1 =det(<p)- 1 (l B -P5- 1 'ydet(<p)- 1 ). (2) 

(iii) ^=^(ii): It is given that 8 is an automorphism of C . One can express det((^)a _1 as 

detO)a -1 = 1 B-PS^'yor 1 . 



By condition (II) / ya~ 1 fi = 0, because a _1 /3eC(C, -B), and thus (— /3<J 7a ) 2 = 0. Therefore, by 
Remark I3.6J, det^a -1 is invertible, and its inverse is 1 B +P5~ lr ya~ 1 . Hence, det(tp) is invertible, 
and 

det((^)- 1 = a" 1 (l B +/3^ 1 7a _1 )- (3) 
This completes the proof. □ 

The proof of Theorem 13.51 also enables us to provide an explicit formula for the inverse of an 
element in Aut(^4). 

Corollary 3.7. If (peAut(A) withip=\°t then 



6 7 

x _( (detM)- 1 -(detfoO)- 1 ^*- 1 : 
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Proof. The inverse ip 1 can be obtained by expressing tp in the form provided in (pQ) , and calculating 
the inverse of each of the factors as follows: 

-if 1 0\/det(<p) _1 0\fl B -0\ (1b 

Therefore, 



1 s- l 7 ic)\ o ic;V° W V° 5 ~ x 



x ( detM- 1 -(detM)" 1 ^- 1 ) 
\S~ 1 'yidet{(p))- 1 <5- 1 7(det(^))~ 1 ( 55- 1 +5- 1 

However, (det (tp) ) ~ 1 (3 £ C (C, £ ) , so 7 (det (tp) ) ~ 1 /3 = by condition and tf-^detfa))- 1 ^- 1 = 0. 

□ 

We now apply these general results to the category LCA. 

Proposition 3.8. LCA is an additive category with kernels, and the decomposition of an LCA 
group given in Theorem \l.l\ satisfies conditions \(I)\ and That is, given L = L\®W l , where L\ 
contains a compact-open subgroup, then: 

(a) <5eEnd(M n ) is an automorphism if and only if it has trivial kernel; 

(b) for every pair of continuous homomorphisms j:Li— >M. n and f3:M. n — >L\, one has 7/3 = 0. 

Proof. By Example l3.2f b). LCA is an additive category. If/: L^H is a continuous homomorphism 
of LCA groups, then the inclusion map k: ker/— >L is a kernel of / in the sense of Definition 13.11 

(c) . 

(a) follows from Proposition 12.31 

(b) Since W 1 is connected, /3(R n ) is contained in the connected component c(L\) of L\, which 
is compact. One has j(c(Li)) = {0}, because the only compact subgroup of W 1 is the trivial one. 
Hence, 7/3 = 0. □ 

Corollary 3.9. Let L = Li0M n be an LCA group, where L\ contains a compact-open subgroup, 
and <£>€End(L), with 

_fa /3\ ( End(Li) Hom(M n ,Li 
(f ~\ r y 6 J G VHom(Li,M n ) M n 



Then, the following statements are equivalent: 

(i) <p is an automorphism of L; 

(ii) 5 is an automorphism ofW 1 (i.e., in GL n (R)), and the quasi- determinant of ip is an automor- 
phism of L\; 

(iii) 5 is an automorphism ofM n , and a is an automorphism of L\. □ 



4. Aut(L) and Decompositions of L 

In this section, whenever L and H are LCA groups, the group Hom(L,H) of continuous homo- 
morphisms from L to H, and the ring End(L) of continuous endomorphisms of L, are endowed 
with the compact-open topology, while the group Aut(L) of topological automorphisms, will have 
the g-topology. We show that the results of $3] remain true for LCA groups with a topological 
enrichment in the sense that the algebraic isomorphisms from ^3] become topological isomorphisms 
in the presence of the aforementioned topologies. The culmination of this work is Theorem [A] a 
topological enrichment of Theorem [Bj We begin with the following enrichment of Proposition 13.31 
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Proposition 4.1. Let L = Li©L 2 ©- • -@L n , where each Li is an LCA group. Then, 

/ End(Li) Hom(L 2 ,Li) ■•• Hom(L n ,L 1 )\ 
Hom(Li,L 2 ) End(L 2 ) ••• Hom(L n ,L 2 ) 

End(L)^ 

\Rom{L\,L n ) Hom(L 2 ,L n ) ••• End(L n ) J 
as topological rings, where the latter is equipped with the product topology. 

Proof. Let y)] denote the matrix ring on the right-hand side, where Au^ =End(Lj) if i=j, and 
Auj-\ = Hom(Lj,Li) otherwise. We define the map F:T&nd(L)—t[Auj-\] by 

F(cp) = [ir i (pL j ], 

where 7Tj is the canonical projection of L onto Li, and ij the inclusion of Lj into L. By Proposi- 
tion [331 F is a rm § homomorphism from End(L) onto [Au a]. This map is continuous, since all of 
the spaces involved are given the compact-open topology, and the map (pt-^-TTi<pij is continuous by 
Proposition 12.11 The inverse of F is given by 

(id) 

which is continuous by Proposition 12.11 and the continuity of addition in End(L). □ 

From now on, if L is a direct sum of (finitely many) LCA groups, we identify End(L) with the 
aforesaid matrix decomposition. Recall that Aut(L) is equipped with the ^-topology, which need 
not coincide with the topology inherited from End(L). Therefore, decomposition results concerning 
End(L) do not automatically give rise to those for Aut(L). Nevertheless, in the simplest case, a 
topological enrichment of Remark 13.41 holds. 

Proposition 4.2. Suppose that L = A(BB, where A and B are LCA groups with Hom(A,B) = 0. 
Then, 



Aut(L) — ^ Q Aut(5) j 



as topological groups, where the right-hand side is equipped with the product topology. 
Proof. Define 

By Remark 13.41 F is well-defined and it is a group isomomorphism, and in particular, a and 5 are 
automorphisms of A and B, respectively. Thus, it remains to be seen that F is also a homeomor- 
phism. Let (ip\) be a net converging (in the g-topology) to </?€Aut(L), where 



FM=[ - -J,andFM- l0 g 



One may show by direct computation that 



} x 

Since ip\ A <p, by Proposition 12.21 



ax Px\ W^ 1 -P\\ j (a $\ _(a^ -/3 
5 X -{ 57 1 h and lo 6 -{ 5- 1 



&x Px\ c.o v fa f3\ , ( a x l ~Px\ to., fa 1 —{3 
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In particular, ax^^-a and a A 1 -^ 1 >a 1 , and by Proposition 12.21 applied to Aut(A), we have that 

a\^a. Similarly, 5\^5 in Aut(C). It is clear that /3a — ^ /3 in Hou^l?,^), and thus, F((p\) — >• F(ip). 
Therefore F is continuous. 

To see that F _1 is continuous, suppose that 



«A M (a P\ . ( Aut(A) Hom(.B,A)\ 
S x )^\0 5 J m V Ant(B) J 



Jj III II 



One has that /3\^/3 in H.om(B,A), a A 4a in Aut^), and 5\-^5 in Aut(U). By Proposition \L 
a\^^a and a^-^^-a, and 5a -^><5 and d^ 1 -^><5 _1 . The compact-open topology on End(L) 
coincides with the product topology where each of the component spaces have the compact-open 
topology, as given in Proposition 14.11 Therefore, 

Hence, F is a topological isomorphism. □ 

If L is a compactly generated LCA group, then L = AT©R n ©Z m , where K is the maximal compact 
subgroup of L O 9.8], while if L is a connected LCA group, then L = AT©R ra where K is the maximal 
compact connected subgroup of L [9l 9.14]. Combining these facts with Proposition 14.21 we have 
the following: 

Corollary 4.3. 

(a) Let L = K®W n ®'L m ' be a compactly generated LCA group, where K is the maximal compact 
subgroup of L. Then, 

/End(AT) Hom(IR n ,A") K m \ /Aut(if) Hom(M n ,A") K m 

End(L)^ M„(R) R mn andAut(L)^ GL r 

\ M m (Z)J \ GL r 

(b) Let L = K(&M. n be a connected LCA group, where K is the maximal compact connected subgroup 
of L. Then, 

Proof (a) The only compact subgroup of M n ©Z m is the trivial one, and so Hom(Ar,R n ©Z m ) = 0. 
Thus, by Proposition 14.21 we have that 

A ,(T\^f Ant ( K ) Hom(M"ffiZ m ,A)\ 
Aut^j-^ Aut(M n 0Z m ) )• 

The only connected subgroup of Z m is trivial, so Hom(R n ,Z m ) = 0, and so 

Aut(R 0Z Aut(Z m ) y 

One can easily show that Hom(IR n ©Z m , K) ^Hom(]R n , K) xHom(Z m , AT). Aut(M n ) = GL n (M) by 
Remark E31 Aut(Z m ) = GL m (Z) by 26.18(g)], and it is elementary that Hom(Z m ,G)^G m for 
any topological group G. Hence, 

/ Aut(AT) Hom(M n ,Ar) Hom(Z m ,AT)\ / Aut(AT) Hom(R ri ,A') AT" 
Aut(L)= f Aut(M n ) Hom(Z m ,M n ) Ud GL n 

\ Aut(Z) / \ GL m (Z) / 

(b) The only compact subgroup of W 1 is the trivial one, and so Hom(AT,R n ) = 0. The remainder 
of the result follows from Proposition 14.21 □ 



11)111) 
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A few additional results of this flavour are found in [171 §25] . 

Fix an LCA group L = L!©M n , where L\ contains a compact-open subgroup. Corollaries 13.71 
and 13.91 imply that 



AUtW ~VHom(Li,ir) GL n (R) J 



(4) 



as (abstract) groups. Theorem fAI is established once we show that this isomorphism is topological, 
a result that follows from the equivalence of (i) and (iv) in Theorem 14.41 below. 

Theorem 4.4. Let (px) be a net in Aut(L), and p^Aut(L). The following statements are equiv- 
alent: 

i) px~^p in Aut(-L); 

ii) ipx—^-p and det(px)^-det(p); 

hi) px~-~^p and (det(<^A)) _1 — > (det ((f)) ~ 1 ; 

iv) (fx — > p ana ax —> ct; 

v) (fx ><p ana a x >a . 

Proof. Throughout the proof, we identify automorphisms in Aut(L) with their matrix representa- 

'ctx /3a 



tions as provided in @, and use the following convention to denote components: px : 



7A #A 



and p=y^ ^ J . Furthermore, by Remark 12.31 the compact-open and <?-topologies coincide on 

Aut(]R n ). So 5x -^o~ if and only if S^^-S^ 1 , and given one, we need not verify the other. 

(i)^=^(ii): Since the ^-topology is finer than the compact-open one, it follows that px-—^p>- By 
Proposition 12.21 applied to Aut(Li), it suffices to show that det(px) —— >det(A) and 
det(v9A) _1 ■— >det(p)~ 1 . Since ax-— >a, /3\—}/3, 7a —>7 and 5x — where each of the spaces in- 
volved carries the compact-open topology, it follows by Proposition 12. II that 



By Corollary 13.71 



^H^&wr 1 ™*- A ' J • iUKl 

x _( (detM)- 1 -(det^))- 1 ^" 1 ) 
V ~ V-^ 1 7(det(<^))- 1 5- 1 

Since p^ 1 ^^-p^ 1 , in particular, the (1, l)-entry of p^ 1 converges to the (1, l)-entry of p^ 1 . Hence, 
(det(^ A ))- 1 ^(detM)- 1 . 

(ii) ^=^(iii) follows from Proposition 12.21 applied to Aut(Li). 

(iii) =^(i): Since p\-—>p, by Proposition 12.21 it suffices to show that p^^^-p" 1 . We know 
that (det(^A))" 1 — ■> (det(<^)) _1 , so by Proposition 12. 1\ 



det(p x ) = a x - PxS^jx^ a- (35 1 7 = det(v?). 



(det(^))- 1 -(det^A))" 1 ^^ 1 ) 



-(det^A))" 1 ^^ 1 )^— (det^)) -1 ^* -1 ) in Hom(M n ,Li), and 
-5 A - 1 7 A(det(^A))~ 1 ^-<J- 1 7(det( V 9))- 1 in Hom(L 1;J R n ). 
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Thus, one has 

/ (det(^))- 1 -(det^))- 1 ^^ 1 )^ / (det^))- 1 -(det^))" 1 ^- 1 )^ 
V-5 A - 1 7A (det(^ A ))- 1 J- 1 J ^ V- ( 5- 1 7 (det(^))- 1 r 1 J ' 

That is, 1 y — 1 , and hence, (p\-^(p. 

(iii) =>(iv): Since <p\ — '-Xp, one has a A -^ Thus, by Proposition 12.21 it suffices to show that 
a^-^a -1 . By ©, 

a A : 1 = (det( V3A ))~ 1 (lB-/3A5 A ' 1 7A(det( 9 9 A ))- 1 ) 
a- 1 = (detM)- 1 (l B -/3<5- 1 7 (det((^))- 1 ). 
Therefore, by Proposition 12. 1| 

^^det^))- 1 ^-/^^^ 

(iv) =>(v) follows from Proposition 12.21 applied to Aut(Li). 

(v) =Kiii): By ©, 

(det( V 9 A ))- 1 = a A : 1 (l B +/3 A( 5 A : 1 7Aa A 1 ) 
(det(<^))- 1 = a- 1 (l B +/3,5- 1 7a _1 ) 

Therefore, by Proposition 12. 1( 

(det(^ A ))- 1 = a A - 1 (l B +/3 A ,5 A : 1 7 A Q A - 1 )^a- 1 (lB+/3 ( 5- 1 7a- 1 ) = (detM)- 1 . 

This establishes the remaining equivalence. □ 

We remark that the previous theorem has a striking similarity to the purely algebraic Theo- 
rem [33J In both cases, we have reduced a question regarding elements of Aut(L) to a question re- 
garding only its diagonal components, utilizing the quasi-determinant as an intermediate step. Also, 
observe that (i)^=^(ii) in Theorem 14.41 implies that the quasi-determinant det : Aut(L) — > Aut(Li) 
is continuous. 
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